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$G$ $X$ $G$ $X\cross X$




(i) $R_{0}=\{(x, x)\in X\cross X|x\in X\}$
(ii) $R_{0},$ $R_{1},$ $\ldots$ , $R_{d}$ $X\cross X$ $|$ $R_{0}\cup R_{1}\cup\cdots\cup R_{d}=X\cross X_{\text{ }}$
$i\neq j$ $R_{i}\cap R_{j}=\emptyset$
(iii) $i\in$ $\{0,1, \ldots, d\}$ $R_{i}^{T}=$ Ri’ $i’\in$ $\{0,1, \ldots, d\}$
$R_{i}^{T}=$ { $(y,$ $x)\in X\cross X|($x, $y)\in R_{i}$ }
(iv) $i,j,$ $k\in$ $\{0,1, \ldots, d\}$ { $z\in X|(x,$ $z)\in R_{i},$ $($ z, $y)\in R_{j}$ } $p_{ij}^{k}$
$(x, y)\in R_{k}$ $i,$ $j,$ $k$
1.1. $X$ $R_{0},$ $R_{1},$ $\ldots,$ $R$d 4 $(\mathrm{i})-(\mathrm{i}\mathrm{v})$
$X=(X, \{R_{i}\}_{0\leq i\leq d})$ $d$ (association
scheme)





$X$ (G, $X$ )
$G$ $X$
3
L2. (a) $v$ $V$ $d$ $X=V^{(}$ d)
$1 \leq d\leq\frac{v}{2}$ $0\leq i\leq d$ $R_{i}$ $(x, y)\in R_{i}\Leftrightarrow|x\cap y|=d-i$
($\forall x,$ $y$ \in X) $J$ (v, $d$) $=(X, \{R_{i}\}_{0\leq i\leq d})$
$S_{v}$ $S_{d}\cross S_{v-d}$
Johnson
(b) $q$ $F$ ,. $d$ $X$
$X=F^{d}$ $0\leq i\leq d$ 2 $x=$ $(x_{1}, x2, . . . , x_{d}),$ $y=$
$(y_{1}, y_{2}, \ldots, y_{d})\in X$ $R_{i}$ $d_{H}$ (x, $y$) $=|\{j|x_{j}\neq y_{j}\}|=i$




(c) $\mathrm{F}_{q}$ $v$ $V$ $d$ $X$
$1 \leq d\leq\frac{v}{2}$ $0\leq i\leq d$ $R_{i}$ $(x, y)\in R_{i}\Leftrightarrow\dim x\cap y=d-i$
($\forall x,$ $y$ \in X) $J_{q}$ (v, $d$) $=(X, \{R_{i}\}_{0\leq i\leq d})$
$GL$ (v, $q$) Johnson
$q$- ( $q$-analogue of the $\mathrm{J}\mathrm{o}\mathrm{h}\mathrm{n}\mathrm{s}\dot{\mathrm{o}}\mathrm{n}$ scheme)
(d) $V$ $\mathrm{F}_{q}$ $2d+1$ 4
( $d$ ) $X$ $R_{i}(0\leq i\leq d)$
(c)
– ( association scheme of the dual polar space of type $B_{d}$ (q)
$B_{d}$ (q) 5
(e) $G$ $C_{0}=\{1\},$ $C_{1},$ $\ldots,$ $C_{d}$ $R_{i}(0\leq i\leq d)$
$(x, y)\in R_{i}\Leftrightarrow yx^{-1}\in C_{i}$ (\forall x, $y\in G$) $G$
$G\cross G$ $G$ $(g, h)$ $x=gxh^{-1}$
$(\forall g, h, x\in G)$ $X$ (G) $G$
(group association scheme)







$A_{i}$ $R_{i}$ (adjacency matrix)
:
$(A_{i})_{x,y}=\{$
1if $(x, y)\in R_{i}$
0if $(x, y)\not\in R_{i}$
$(\mathrm{i})-(\mathrm{i}\mathrm{v})$





$\dim \mathfrak{U}=d+1$ $\mathfrak{U}$ $x$
Bose-Mesner 6








1.3. (a) $G$ $X$ $X$ (G, $X$ )
$\mathfrak{U}$ Bose-Mesner $V=\mathbb{C}^{|X|}$ $\pi$ :
$Garrow GL$ (V) $\pi(g)_{xy}=\delta_{x,gy}$ $(\forall g\in G, \forall x, y\in X)_{\text{ }}$
Endc[c] (V) (Hecke )
$M\in \mathrm{E}\mathrm{n}\mathrm{d}_{\mathbb{C}[G]}(V)\Leftrightarrow\pi$ (g). $M\cdot\pi(g)-1=M$ $(\forall g\in G)$
$\Leftrightarrow M_{xy}=M_{gx,gy}$ ($\forall g\in G,\forall$x, $y\in X$ )
$\Leftrightarrow M$ $\in \mathfrak{U}$
Bose-Mesner $\mathfrak{X}(G, X)$
(multiplicity-free)
(b) $G$ $C_{0}=\{1\},$ $C_{1},$ $\ldots,$ $C_{d}$ $g\in C_{k}$
$G$ $\mathfrak{X}(G)$ $p_{ij}^{k}$
$p_{ij}^{k}=|\{(h_{1}, h_{2})\in C_{j}\cross C_{i}|h_{1}h_{2}=g\}|$
6 (adjacency algebra)
28
$A_{i} rightarrow\sum_{g\in C_{i}}g$ $\mathfrak{X}(G)$ Bose-
Mesner $\mathfrak{U}$ $G$ $Z$ (C[G])







$\mathfrak{U}$ $E_{0}= \frac{1}{|X|}J,$ $E$1, . . . , $E_{d}$ 7
$x$ (first eigenmatrix) P=(Pi( )
(second eigenmatrix) $Q=$ ( $Q_{i}$ (j)) $\mathfrak{U}$ $\{A_{0}=I, A1, . . . , A_{d}\}_{\text{ }}$
$\{E_{0}=\frac{1}{|\lambda|},J, E1, . . . , E_{d}\}$ :
$(A_{0}, A_{1}, \ldots, A_{d})=(E_{0}, E_{1}, \ldots, E_{d})\cdot P$ , $|$X $|$ (E0, $E_{1},$ $\ldots,$ $E_{d}$ ) $=(A_{0}, A_{1}, \ldots, A_{d}),$ $Q$
$A_{i}= \sum_{j=0}^{d}P_{i}(j)E_{j}$ , $|$X $|$E$i= \sum_{j=0}^{d}Q_{i}(j)A_{j}$ $(0\leq i\leq d)$




L5. (i) $Q_{j}(i)/m_{j}=\overline{P_{i}(j)}/k_{i}$ $m_{j}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $E_{j}=\mathrm{t}\mathrm{r}E$j
(ii)( )
$\sum_{\nu=0}^{d}\frac{1}{k_{\nu}}\mathit{1}_{\nu}$ (i) $\overline{P_{\nu}(j)}=\frac{|X|}{m_{i}}$ . $\delta_{i}$,
(ii)( )
$\sum_{\nu=0}^{d}m_{\nu}P_{i}(\nu)\overline{P_{j}(\nu)}=|$X $|$ k$i$ . $\delta$ij
. $M,$ $N$ Hadamard $M$ oN $(M\circ N)_{ij}=$
$M_{ij}N_{ij}$ $E_{j} \circ A_{i}=\frac{1}{|X|}\sum_{l=0}^{d}Q$Xl)Al $\circ A_{i}=\frac{1}{|X|}Q_{j}$ (i)Ai
$\sum(E_{j})_{xy}(A_{i})_{xy}=\sum(E_{j})_{xy}(A_{i}^{T})_{yx}=\mathrm{t}\mathrm{r}(E_{j}A_{i’})=P_{i’}(j)\mathrm{t}\mathrm{r}E_{j}=P_{i’}(j)m_{j}$











1.6. (a) $J$ (v, $d$) Johnson $k_{i}=(\begin{array}{l}di\end{array})(\begin{array}{l}v-di\end{array})$
$P=$ ( $P_{i}$ (j)) dual Hahn 10 (Delsarte $[26, 27]$ ,
Bannai-Ito [10, \S 3.2] $)$ :
$\frac{P_{i}(j)}{k_{i}}=R_{i}(\lambda(j);d-v-1, -d-1, d)=3$I2 $(-i,-j,j-v-1d-v,-d|1)$
$\lambda(x)=x(x-v-1)$
(b) Hamming $H$ (d, $q$ ) $k_{i}=(\begin{array}{l}di\end{array})(q-1)^{i}$
P=(Pi( ) Krawtchouk (Delsarte $[26, 27]$ , Bannai-Ito
[10, \S 3.2], Stanton [68] $)$ :
$\frac{P_{i}(j)}{k_{i}}=R\mathrm{f}$ $(j; \frac{q-1}{q},$ $d)=2$F1 $(-i,-j-d| \frac{q}{q-1})$
(c) Johnson $q$- $J_{q}$ (v, $d$) $k_{i}=qi^{2}\{\begin{array}{l}d\prime i\end{array}\}[_{i}^{v-}]$
$\{\begin{array}{l}nm\end{array}\}=\{\begin{array}{l}nm\end{array}\}=\frac{(q^{n}-1)\ldots(q^{n-m+1}-1)}{(q^{m}-1)\ldots(q-1)}$
$q$- P=(R( ) dual $q$-Hahn
(Delsarte [27], Stanton [68]) :
$\frac{P_{i}(j)}{k_{i}}=R_{i}(\mu(j);q^{d-v-1}, q^{-d-1}, d|q)=\mathrm{s}\phi_{2}(^{q^{-i},q^{-j},q^{j-v-1}}q^{d-v},q^{-d}|q;q)$
$\mu(x)=q^{-x}+q^{x-v-1}$
(d) $B_{d}$ (q) $k_{i}=qi(i+1)/2$ [dl $P=(P_{i}(j))$






llStanton [67] $q$-Krawtchouk [47]
30
(e) 1.2 (e) 1.3 (b) $X$ (G) Bose-Mesner

















(2) $\mathfrak{Y}=(X, \{S_{j}\}_{0\leq j\leq e})$ $X$
$X=(X, \{R_{i}\}_{0\leq i\leq d})$
$\{0, 1, \ldots, d\}$ $=\{\Pi_{0}= \{0\}, \Pi_{1}, \ldots, \Pi_{e}\}$
$S_{j}= \bigcup_{j}R_{i}i\in\Pi$
$\mathfrak{Y}$ $x$ (fusion scheme) 12
Bannai [5] Muzychuk [62] Bannai-
Muzychuk $13\text{ }$
(3) $P=$ ( $P_{i}$ (j)) Bose-Mesner
$p_{ij}^{h}$
(cf. [10, p.65, Theorem 3.6]) :
$p_{ij}^{h}= \frac{1}{|X|k_{h}}\sum_{\nu=0}^{d}m_{\nu}\overline{P_{\mathrm{i}}(\nu)P_{j}(\nu)}P_{h}(\nu)$





$1=(X, \{R_{i}\}_{0\leq i\leq d})$




(ii) $1\leq s<d$ $\bigcup_{i=0}^{s}R$i $X$
(iii) $1\leq s<d$ $p_{ij}^{k}=0(0\leq\forall i\leq s,$ $0$ \leq




2.3. (a) $G$ $X$
$X$(G, $X$ ) $G$
$K$ $X$ $K$ $G$
(b) $G$ $X$ (G) $G$
$15\text{ }$
Bannai-Ito [10, \S 2.9] Zieschang [87] .
$x$ $\bigcup_{i=0}^{s}R$i
$\sum_{i=0}^{s}A_{i}=I_{q}\otimes J_{p}=\{\begin{array}{llll}\sqrt p J_{p} \ddots J_{p}\end{array}\}$
$p=\Sigma_{i=0}^{s}k$j, $q=|X|/p$
$\mathrm{Y}\in$ $R_{i}$ $\mathrm{Y}\cross \mathrm{Y}$ $R_{i}^{Y}$
$X_{Y}=(\mathrm{Y}, \{R_{i}^{Y}\}_{0\leq i\leq s})$ $x$
(subscheme) 16 $\mathrm{Y}\in$
17
14 $x$ $x$ $E.\cdot(i\neq 0)$
- [90]
15 1.3 (b) 2.2 (iii)
16 $X$ $Y$ $X_{Y}=$ $(\mathrm{Y}, \{R_{i}^{Y}|R^{Y}.\cdot\neq \emptyset\})$
$x_{Y}$ $x$
(completely regular code) \S 3
17
32
$\{0, 1, \ldots, d\}$ $T=\{T_{0}, T1, . . . , T_{r}\}$
$(T_{0} = \{0,1, \ldots, s\})$ $0\leq j\leq r$ $(0, 1)$ - $A_{j}’$
$\sum_{i\in T_{\mathrm{j}}}A_{i}=A_{j}’\otimes J_{\mathrm{p}}$
$x/\mathfrak{X}_{Y}=(_{-}^{-}-, \{A_{j}’\}_{0\leq j\leq r})$ .
. $x$ (factor scheme) 18
J0rdan-H\"o1der
19
$\mathrm{I}=$ ($X$ , { }0 $\leq i\leq d$ )
$X$ $R_{i}$
$x$ $x$ 20
$X=\mathrm{Y}_{0}arrow\supset \mathrm{Y}_{1}arrow\supset\cdotsarrow\supset \mathrm{Y}_{n}=\{x\}$ $x$ (composition series) $x$
21 $\mathrm{Y}_{i-1}/\mathrm{Y}_{i}(1\leq i\leq n)$ (composition factor)
:
2.4(Rassy-Zieschang [64]). 7. $x=(X, \{R_{i}\}_{0\leq i\leq d})$
$X$ $x$
$X=\mathrm{Y}_{0}\supset \mathrm{Y}_{1}arrow\supseteq$ . . . $arrow\supset \mathrm{Y}_{n}=\{x\}$
$X=Z_{0}\supset Z_{1}arrowarrow\supset$ , . . $arrow\supset Z_{m}=\{x\}$





(1) Hecke $($Hanaki [34], Hanaki-Hirasaka $[35])_{\text{ }}x=(X, \{R_{i}\}_{0\leq i\leq d})$
$\mathfrak{U}$ Bose-Mesner $s$ 2.2
$x_{Y}=(\mathrm{Y}, \{R_{i}^{Y}\}_{0\leq i\leq s})$
$e= \frac{1}{\underline{k_{0}+k_{1}}+\cdots+k_{s}}(A_{0}+A_{1}+\cdots+A_{s})$






22 (thin scheme) Terwilliger [79, 80, 81]
33
$x/x_{Y}$ Bose-IVIesner $e\mathfrak{U}e$
(cf. [24, \S 11D])
(2) Sylow (Hirasaka-Muzychuk-Zieschang [39]) $\equiv\overline{\mathrm{Q}}$
$p$-valenced Sylow
(A)
. $G_{1},$ $G_{2}$ $\mathfrak{X}(G_{1})\cong \mathfrak{X}(G_{2})$ $G_{1}\cong G_{2}$ ?
Terada [76] $2\mathrm{s}_{\text{ }}$
2.5(Terada). $B$ $SL(2, q)$ $(q=2^{e}\geq 8)$ Borel $\mathrm{F}_{q}^{2}$
$\mathrm{F}_{q}^{2}$ : $B$ $\mathrm{F}_{q}^{2}\cdot B$
(B)
. $G_{1},$ $G_{2}$ $P_{1},$ $P_{2}$ $X$ (G1), $\mathfrak{X}(G_{2})$
$P_{1}=P_{2}$ $\mathfrak{X}(G_{1})\cong X$ (G2) ?
2.6. (i), (ii)
(i) (Yoshiara[85]) $2^{3}$ : $SL(3,2)$ $2^{3}\cdot SL(3,2)$
(ii) (Terada [76]) $q=2^{e}\geq 8$ $\mathrm{F}_{q}^{2}$ : $SL(2, q)$ $\mathrm{F}_{q}^{2}\cdot SL(2, q)_{\text{ }}$
(C) ( )
24
2.7. (i) (Tomiyama [82]) $\mathfrak{X}(A_{5})$ ( $A_{5}$ 5 )
(ii)(Tomiyama[83]) $X(PSL(2,7))$




24 $\mathrm{A}\backslash$ Egawa [28] (Hamming





Delsarte [26] $P$- Q-
.
. [26]
3.1. $X=(X, \{R_{i}\}_{0\leq i\leq d})$ $P=(P_{i}(j))$
$d+1$ $\theta_{0}=0,$ $\theta$1, . . . , $\theta_{d}\in \mathbb{R}_{\geq 0}$ $0\leq i\leq d$
$i$ $v_{i}(x)\in \mathbb{R}[x]$
$P=\{\begin{array}{lll}v_{0}(\theta_{0}) v_{1}(\theta_{0}) v_{d}(\theta_{0})v_{0}(\theta_{1}) v_{1}(\theta_{1}) v_{d}(\theta_{1})\vdots \vdots \vdots v_{0}(\theta_{d}) .v_{1}(\theta_{d}) v_{d}(\theta_{d})\end{array}\}$
( $P_{i}(j)=v_{i}($ \mbox{\boldmath $\theta$}j)) $*$ $x$ P-
( $P$-polynomial) $\mathrm{A}\backslash$ $26\text{ }$
$P$ ( 1.5)
$\sum_{\nu=0}^{d}m_{\nu}v_{i}(\theta_{\nu})v_{j}(\theta_{\nu})=|$X $|$ k$i$ . $\delta$ij
$d+1$ $v_{0}$ (x), $v_{1}(x),$ $\ldots$ , $v_{d}$ (x) $\theta_{\nu}$ $m_{\nu}$
$P$- ,, $\Gamma$
$x$ $i\geq 0$
$\Gamma_{i}(x)=$ { $y\in\Gamma|\partial$ (x, $y)=i$}
27 $\Gamma$
3.2. $i$ $a_{i}=|\Gamma_{i}(x)\cap\Gamma_{1}$ (y)|, $b_{i}=|\Gamma_{i+1}(x)\cap\Gamma_{1}$ (y)|, $c_{i}=|\Gamma_{i-1}(x)\cap\Gamma_{1}(y)|$
$(x, y)=i$ 2 $x,$ $y\in\Gamma$ $\Gamma$
(distance-regular graph)
:
3.3. $x=(X, \{R_{i}\}_{0\leq i\leq d)})$ P-
$(X, R_{1})$
$R_{i}=\{(x, y)\in X\cross X|\partial(x, y)=i\}$ $(0\leq\forall i\leq d)$






(twO-point homogeneous) $28\text{ }$
3.4. $x=(X, \{R_{i}\}_{0\leq i\leq d})$ $d+1$
$\theta_{0}^{*}=0,$ $\theta_{1}^{*},$
$\ldots,$
$\theta_{d}^{*}\in \mathbb{R}_{\geq 0}$ $0\leq i\leq$ d $i$
$v_{i}^{*}(x)\in \mathbb{R}[x]$
$|$
$x$ $Q=$ ( $Q_{i}$ (j))
$Q=\{\begin{array}{lll}v_{0}^{*}(\theta_{0}^{*}) v_{1}^{*}(\theta_{0}^{*}) v_{d}^{*}(\theta_{0}^{*})v_{0}^{*}(\theta_{1}^{*}) v_{1}^{*}(\theta_{1}^{*}) v_{d}^{*}(\theta_{1}^{*})\vdots \vdots \vdots v_{0}^{*}(\theta_{d}^{*}) v_{1}^{*}(\theta_{d}^{*}) v_{d}^{*}(\theta_{d}^{*})\end{array}\}$




$\sum_{\nu=0}^{d}k_{\nu}v_{i}^{*}(\theta_{\nu}^{*})v_{j}^{*}(\theta_{\nu}^{*})=|$ X $|$ m$i$ . $\delta$i$j$
$P$- $Q$- P-&Q- ( $P$-and $Q$-polynomial)




$X=(X,$ $\{R_{i}\}_{0\leq i\leq}\wedge$ ( ) P-&Q- $31\text{ }X$
( ) $C$ (code) (inner distribution) $a=a(C)=$
$(a_{0}, a_{1}, \ldots, a_{d})$





$28\check{arrow}$ \emptyset $\text{ }-\text{ }$ (X, $R_{1}$ ) |gE \urcorner p (distance-transitive graph)
$29P$- $Q$- $R_{j}$ ( $A_{i}$ )
$E_{i}$ $J(2d+1, d)$ $P$- $2A_{2d-1}$ (q)




$a_{i}$ ., $a_{0}=1,$ $a_{0}+a_{1}+\cdots+a_{d}=|C|$
[ (dual inner distribution) $b=b(C)=(b_{0}, b1, . . . , b_{d})$
$b= \frac{1}{|C|}$ . $aQ$
32 $b_{0}=1,$ $b_{0}+b_{1}+\mathrm{I}\cdot 1+b_{d}=|X|/|C|$
3.5. $1\leq i\leq$ $b_{i}\geq 0$
. $b_{i}$
$b_{i}= \frac{1}{|C|}$ . $\sum_{j=0}^{d}Q_{i}(j)a_{j}=\frac{1}{|C|^{2}}$ . $\chi^{T}(\sum_{j=0}^{d}Q_{i}(j)A_{j})\chi=\frac{|X|}{|C|^{2}}\chi^{T}$Ei $\chi$
$E_{i}$
$33\text{ }$
3.6. Hamming $H$ (n, $q$ ) $C$
$\sum_{i=0}^{d}b_{i}x^{n-i}y^{i}=\frac{1}{|C|}\mathrm{t}\sum_{i=0}^{d}a_{i}(x+(q-1)y)^{n-i}(x-y)^{i}$
$F=\mathrm{F}_{q}$ $C$ MacWilliams
$b=b$(C) $C$ $C^{\ovalbox{\tt\small REJECT}}$ $a(C^{[perp]})$
3.7. $\tau$ $b_{1}=b_{2}=|\cdot\cdot=b_{\tau}=0$ $C$ \mbox{\boldmath $\tau$}-
( $\tau$-design)
Johnson Hamming
3.8. (a) Johnson $J$ (v, $d$) \mbox{\boldmath $\tau$}-
$\tau-(v, d, \lambda)$ (Delsarte [26, p.51, Theorem 4.7])
$(\begin{array}{l}v\tau\end{array})\lambda=|C|(\begin{array}{l}d\tau\end{array})$
(b) Hamming $H$ (d, $q$ ) $C$ $\tau$- $C$
( ) $\tau- OA$ (q, $d;\lambda$ )
(Delsarte [26, p.43, Theorem 4.4]) $q^{\tau}\lambda=|C|$
.
,
L2 (c), (d) P-&Q-
(Delsarte [27], Munem.$\mathrm{a}\mathrm{s}\mathrm{a}$ [59],
Stanton[69] )




$C$ 2 $X$ Delsarte [26] 4
, $C$ (minimum distance) $\delta=\delta(C)$
(maximum strength) $t=t$ (C)
$\delta=\delta(C)=\min$ { $i\neq 0|$ a$i\neq 0$}
$t=t(C)= \max\{i\neq 0|b_{1}=b_{2}=\cdots=b_{i}=0\}$
$t$ $b_{1}\neq 0$ $t=0$
2 (degree) $s=s$ (C)
(dual degree) $s^{*}=s^{*}(C)$
$s=s(C)=|$ { $i\neq 0$ $|$ a$i\neq 0$ } $|$
$s^{*}=s^{*}(C)=|$ { $i\neq$ O $|$ b$i\neq 0$} $|$
34
3.5








$g$ (\mbox{\boldmath $\delta$}) $C$
$|$C$|\leq g(\delta)$
(linear programming bound)
Hamming Plotkin Singleton Hamming







34 $s^{*}$ Delsarte [26] external distance Brouwer-Cohen-
Neumaier [20, p.346] } $\mathrm{A}$ $\mathrm{a}$ :“Delsarte calls $r[=s^{*}]$ the ‘external distance’, which is
rather unfortunate; many authors use the term ‘external distance’ (or sometimes ‘true external distance’)





$x\in X$ $C$ $(x, C)= \min\{\partial(x, c)|c\in C\}$





3.9(i) Ham $\mathrm{n}\mathrm{g}$ Hamming
(ii) Hamming Rao Johnson
( ) Fisher
3.10([26]). (i) $\delta\leq 2s^{*}+1$ $\delta\geq 2s^{*}-1$ $C$
(completely regular code) $x\in X$
(outer distribution vector) $B(x)=$ ($B$ (x)0, $B($x)1, . . . , $B($x)d)
$B(x)_{i}=|\{c\in C|\partial(x, c)=i\}|$
$B$ (x) $(x, C)$
(ii) $t\leq 2s$ $t\geq 2s-2$ $x_{C}=(C, \{R_{i}^{C}|R_{i}^{C}\neq\emptyset\})$
$x$ $36\text{ }$
( Brouwer-Godsil-Koolen-Martin[21]
(width) $w=w$ (C) (dual width) $w^{*}=w^{*}(C)$
$w,$ $w$‘
$w=w(C)= \max\{i\neq 0|a_{i}\neq 0\}$
$w^{*}=w^{*}(C)= \max\{i\neq 0|b_{i}\neq 0\}$
[21] :
35 $\text{ }\}^{\vee}$. $\text{ }$ (covering radius) $\rho=\rho(C)=\max\{\partial(x, C)|x\in X\}$ $s^{*}\geq\rho$
36 16 X Q-
38
3.11. (i) $s^{*}\geq d-w$ $C$





([10, 4, 88]) L2 $(\mathrm{a})-(\mathrm{d})$
Leonard
3.12 ([51]). P-&Q- $v_{i}(x)/k_{i}(0\leq i\leq d)$ ,
$v_{i}^{*}(x)/m_{i}(0\leq i\leq d)$ Askey-Wilson
Askey-Wilson (Askey-Wilson polynomial) I
$($cf. Koekoek-Swarttouw $[47])^{37}$ :
$R_{\dot{\eta}}(\mu(x);\alpha, \beta, \gamma, \delta| q)=4\phi_{3}(^{q^{-i},\alpha\beta q^{i+1},q^{-x},\gamma\delta q^{x+1}}\alpha q,$$\beta\delta q,\gamma q|q;q)$ $(0\leq i\leq d)$
$\mu(x)=q^{-x}+\gamma\delta q^{x+1}$ $\alpha q,$ $\beta\delta q,$ $\gamma$q 4‘ \vdash ( $q^{-d}$ 4‘
Bannai-Ito [10, \S 3.5, Theorem 5.1]
Askey-Wflson
$38\text{ }$
Johnson $q$- $J_{q}$ (v, $d$) $B_{d}$ (q)









39P $\mathrm{g}\mathrm{e}$ Moufang $M$ (q) $\mathrm{X}$ ( $M$ (q))
$X(PSL(2, q))$ $qarrow q^{3}$ Bannai-Song
[15] [4, 31, 8, 9, 11, 12,
17, 49, 41, 2, 16, 50, 37, 72]
40
$G=V$ : $G_{0}$ $G_{0}$
$40_{\mathrm{O}}$
$G_{0}=GO_{2m}^{-}$ (q) $X$ (F)m: $GO_{2m}^{-}$ (q), $\mathrm{F}_{q}^{2m})$ 41 :
$\{$ $1111^{\cdot}.\cdot$
$q^{2m-1}+q^{m-1}\ldots q^{2m-1}+q^{m-1}-q^{m-1}\cdot(\kappa_{ij})_{0\leq i,j\leq q-2}$
$q^{2m-1}-(q-..\cdot 1)q^{m-1}-1-(q-1)q^{m-1}-1q^{m-1}-1q^{m-1}-1]$
$q^{m-1}$ .. . $q^{m-1}$
$X$( $\mathrm{F}_{q}^{2m}$ : $GO_{2m}^{+}$ (q), $\mathrm{F}_{q}^{2m}$ ) :







$K(a, b; \mathrm{F}_{q})=\sum_{\gamma\in \mathrm{F}_{\dot{q}}}e(\mathrm{T}\mathrm{r}_{qp}(a\gamma+b\gamma-1))$
$(a, b\in \mathrm{F}_{q})$
$\kappa ij=K(\rho^{i}, p^{j} ; \mathrm{F}_{q})$
42 $\rho$ $\mathrm{F}_{q}$ $e(x)=\exp$ ($2\pi\sqrt{-1}$ x/p) $\mathrm{T}\mathrm{r}_{q,\mathrm{p}}$ : $\mathrm{F}_{q}arrow \mathrm{F}_{p}$
$40G_{0}$ Symplectic 1
41Kwok [48] $p_{ij}^{k}$ $[]\mathrm{h}$
MedranO-Myers-Stark-Terras [55]
$\mathbb{Z}_{q}=\mathbb{Z}/q\mathbb{Z}$
Tanaka[71](cf. MedranO-Myers-Stark-Terras[56], DeDeo [25]) $\mathrm{A}_{\text{ }^{}\backslash }$
42 Kloosterman
Ramanujan (Ramanujan graph) (Bannai-
ShimabukurO-Tanaka [13] MedranO-Myers-Stark-Terras [55] ) $k$
$\pm k$ $\lambda$ $|\lambda|\leq 2\sqrt{k-1}$ m anujan
(cf. Terras [77]) Alon-Boppana (cf. Lubotzky-
Phillips-Sarnak [53] $)$ $k$
41
Bannai-HaO-Song [8] ( ) 1
$43\text{ }$
$X$ ( $O_{3}$ (q), $O_{3}(q)/O_{2}^{-}(q)$ ) :
$\{\begin{array}{llll}1 q+1 q+1 \frac{1}{2}(q+1)1 \vdots 1 (\chi_{ij})_{1\leq i\leq(q-1)/2,1\leq j\leq(q-1)/2} \end{array}\}$
$m>1$ $X$( $O_{2m+1}$ (q), $O_{2m+1}(q)/O_{2m}^{-}($q)) 44:
$\{\begin{array}{llllllll}1 (q^{m-1}-1)(q^{m} +1) q^{m-1}(q^{m} .q^{m-1}(+1)\ldots q^{m} +1) \frac{1}{2}q^{m-1}(q^{m} +1)1 -(q-2)q^{m-1}-1 2q^{m-1} 2q^{m-1} q^{m-1} 1 q^{m-1}-1 \vdots \vdots 1 q^{m-1}-1 (q^{m-1}\chi_{ij})_{1\leq i\leq(q-1)/2,1\leq j\leq(q-1)/2} \end{array}\}$
$X$ ( $O_{2m+1}$ (q), $O_{2m+1}(q)/O_{2m}^{+}(q)$ ) $(m\geq 1)$
$\{\begin{array}{llllllllll}1 (q^{m-1}+1)(q^{m} -1) q^{m-1}(q^{m} -1) \cdots q^{m-1}(q^{rn} -1) \frac{1}{2}q^{m-1}(q^{m} -1)1 (q-2)q^{m-1}-1 -2q^{m-1} \cdots \cdots -2q^{m-1} -q^{m-1} 1 -(q^{m-1}+1) \vdots \vdots 1 -(q^{m-1}+1) (-q^{m-1}\chi_{ij})_{1\leq i\leq(q-1)/2,1\leq j\leq(q-1)/2} \end{array}\}$
Ennola (Bannai-Kwok-Song $[12]\grave{)}$
$\mathfrak{X}$ ( $O_{3}$ (q), $O_{3}(q)/O_{2}^{-}(q)$ ) Terras [77, Chapter 19]
$($finite upper half $\mathrm{p}1\mathrm{a}\mathrm{n}\mathrm{e})^{45}H_{q}$ (
) (Kwok [48], Evans [29, 30], Tanaka [74])







$\mathrm{F}_{q}$ (q:odd) $\mathrm{F}_{q^{2}}$ $\delta$ $\sqrt{\delta}$
$H_{q}=\{z=x+y\sqrt{\delta}|x, y\in \mathrm{F}_{q}, y \neq 0\}$ $H_{q}$ $GL(2, q)$
$g\cdot z=(az+b)/(cz+d)(\forall g=(_{cd}^{ab})\in GL(2, q),\forall z\in H_{q})$
$GL(2, q)/GL(1, q^{2})$ Tagami [70]





$\urcorner$ LU $\mathrm{I}\rfloor$ . $\llcorner$ $’-\backslash$’
–
$GL(n, q\cdot’)/GL$ ( -,-q) Gow Gow Gow
—
$\mathrm{H}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{o}\mathrm{n}--$
$GL(n, q^{2})/GU$ (n, $q$ ) Gow Gow Gow Henderson
$GL(2, q)/\underline{S}p(2, q)$ Kly hko
$\mathrm{K}1\mathrm{y}\mathrm{a}_{?}\underline{\mathrm{c}}\mathrm{h}\mathrm{k}\mathrm{o}$
Bannai-Kawana $-\overline{- \mathrm{S}}\mathrm{o}\mathrm{n}\mathrm{g}$ Bann
$.- \mathrm{K}\mathrm{a}\mathrm{w}_{?}\mathrm{a}\mathrm{n}\mathrm{a}$
-Song




$\cdot$ -T., $\mathrm{H}\mathrm{e}\underline{\mathrm{n}}\underline{\mathrm{d}}\mathrm{e}\cdot \mathrm{s}\mathrm{o}\mathrm{n}-$
3
$GU$ (n, $q$), $GL$ (n, $q$ ), $GL$ (n, $q$ )
Green [32]
$GL$ (2n, $q$ ) $/Sp(2n, q)$
, Macdonald[54, Chapter $\mathrm{I}\mathrm{V}$ ]
$\mathscr{P}$ $\lambda=$ $(\lambda_{1},$ $\lambda$2, . . . $)$ $l(\lambda)=|\{i|\lambda_{i}\neq 0\}|$
$| \lambda|=\sum_{i\geq 1}\lambda$i
$\lambda$ $\lambda’$ $\lambda’$ $\lambda$ Young
$a$) Young $\lambda$
$\Phi$ $t$ $\mathrm{F}_{q}$ [t] . $GL$ (n, $q$ )
$\mu$ : $\Phiarrow \mathscr{B}$
$|| \mu||=\sum_{f\in\Phi}$
(deg $f$ ) $|\mu(f)|=n$
47 $\mu$ $GL$ (n, $q$ )
$\chi_{\mu}$







$\mu$ : $\Phiarrow \mathscr{P}$
$\lambda=$ $(\lambda_{1},$ $\lambda$2, . . . $)$ $\lambda\cup\lambda=(\lambda_{1}, \lambda 1, \lambda_{2}, \lambda_{2}, \ldots)$
$\mu$ : $\Phiarrow \mathscr{P}$ $(\mu\cup\mu)(f)=\mu(f)\cup\mu(f)(\forall f\in\Phi)$




$M_{m}^{\cdot}arrow \text{ }|^{}\text{ }$ $M_{i}\text{ _{}\backslash }$ $(-.-.\backslash \backslash \text{ }GL(n, q)l$ \emptyset |f\pi m#{‘J\epsilon faBaP’\mbox{\boldmath $\tau$}J‘6\sigma \supset ) \sigma 7-)ffid–. $P\mathrm{f}\backslash 1|$}$\}^{\vee}.\text{ }\mathrm{t}_{\vee}^{-}\mathrm{C}|\mathrm{h}\text{ }|^{}.|\mathrm{h}\hat{M}_{l}arrow\hat{M}_{m}|_{\check{arrow}\text{ ^{}1}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{i}}$
$L= \lim_{arrow}M$
^
$l$ Frobenius 0 }
$48\mathrm{G}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{n}$ [32] Macdonald [54] Green $\mu$
Macdonald $\mu’$ $\mu’(f)=\mu(f)’(\forall f\in\Phi)$
43
$\chi_{\mu}-\chi_{\mu\cup\mu}$ $GL$ (n, $q$ ) $(1_{Sp(2n,q)})^{GL(2n,q)}$
1 1
49
3.14 (Klyachko [46]). $\psi$ : $GL$ (n, $q$ ) $arrow GL$ (2n, $q$ )
$\psi(A)=(I_{n} A)$ $(\forall A\in GL(n, q))$
2 $A,$ $B\in GL$ (n, $q$ ) ( $\psi(A),$ $\psi(B)$
( $Sp$ (2n, $q$ ), $Sp($2n, $q)$ )-
( $Sp$ (2n, $q$ ), $Sp($2n, $q)$ ) $-$ $\psi(A)$
Green
3. 3.14 Bannai-Kawanaka-Song
[11] (1) $X$( $GL$ (n, $q$ )) $qarrow q^{2}$
(2) $GL$ (2n, $q$ ) $/Sp(2n, q)$
$\chi_{\mu}(||\mu||=n)$ $l(\mu(f)’)\leq 1(\forall f\in\Phi)$
$qarrow q^{2}$ $GL$ (2n, $q$) $/Sp(2n, q)$
50
Jordan (
3.14 ) $X$ ( $\psi$ ( $GL$ (n, $q$))) $X$ ( $GL($2n, $q)$ )
$GL$ (n, $q^{2}$ ) $/GL$ (n, $q$ ) $GL$ (n, $q^{2}$ ) $/GU$ (n, $q$ )
Henderson [37] 51
$GU(n, q),$ $GL$ (n, $q$ ) $\mathrm{L}$ $q–q$
Inglis-Liebeck-Saxl 4 $GL$ (2n, $q$ ) $/GL$ (n, $q^{2}$ )
1986 Inglis (cf. [40, Theorem 2])
. 52





$50\mathrm{W}\mathrm{e}\mathrm{y}\mathrm{l}$ $W(A_{n-1})\cong S_{n}$ Schur $s_{\lambda}$ $p_{\rho}$
$(\lambda, \rho\in \mathscr{P})$ Schur $s_{\lambda}$ Jack
$P_{\lambda}^{(1)}$ $W(A_{2n-1})/W(B_{n})$ Jack $P_{\lambda}^{(2)}$ $p_{\rho}$
$(\lambda, \rho\in \mathscr{P})$ Macdonald [54, Chapter VII]
51Henderson $GU$ (2n, $q$) $/Sp(2n, q)$ (cf. [36])







54 $\mu$ : $\Phiarrow \mathscr{P}$ $\tilde{\mu}$ : $\Phiarrow \mathscr{P}$ $\tilde{\mu}(f)=\mu(\tilde{f})(\forall f\in\Phi)$
3.15(Bannai-T., Henderson). (i) $q$ $(1_{GL(n,q^{2})})^{GL(2n,q)}= \sum\chi$ \mu
$||\mu||=2n,\tilde{\mu}=\mu$ , $\mu(t-1)’$ $\mu(t+1)$
$\mu$ 55
(ii) $q$ ( $1_{GL(}$n,q2) $)$ GL$(2^{l}n,q)= \sum\chi$\mu $\mu$ $||\mu||=2n$ ,
$\tilde{\mu}=\mu$ , $\mu(t-1)’$
( )
3.16. $GL$ (2n, $q$ ) $/GL$ (n, $q^{2}$ )
$\sum_{n\geq 0}$
rank(GL(2n, $q)/GL(n,$ $q^{2})$ ) $t^{2n}= \prod_{r\geq 1}(1-qt^{2r})^{-1}$
$n=0$ 1
rank(GL(2n, $q)/GL(n,$ $q^{2})$ ) $=$
$\sum_{\lambda\in iP,|\lambda|=n}q^{l(\lambda)}$
, Jacobi
Bannai [4, p.123] $GL$ (2n, $q$ ) $/Sp$ (2n, $q$ )
:“Roughly speaking, the compact group $SU(n)$ corresponds to the finite
group $GL$ (n, $q$) and the space $SU(2n)/Sp(2n)$ corresponds to the association scheme
$GL$ (2n, $q$ ) $/Sp(2n, q)$ . So, it may not be very surprising that the representations of the assO-
ciation scheme $GL$ (2n, $q$ ) $/Sp(2n, q)$ are analogous to those of the group $GL$ (n, $q$) because
both are related to the root system of type $A_{n-1}$ . Furthermore, the change $qarrow q^{2}$ which
appeared in Theorem 1 [4, p.117] corresponds to the change of the weight functions which





$\mathfrak{X}=(X, \{R_{i}\}_{0\leq i\leq d})$ Delsarte [26, \S 2.5]
$X$ $n$ (extension of $x$ of length $n$ ) $X^{(n)}$
54 $\tilde{f}$ $f$
55 $\chi_{\mu}$ $\overline{\chi_{\mu}}$ $\chi_{\overline{\mu}}$
45
$|\beta|=\beta 0+\beta_{1}+\cdots+f\mathit{3}_{d}=n$ $\beta=$ $(\beta_{0}, \beta 1)$ . . . , $\beta_{d}$ ) $\in \mathbb{Z}_{\geq 0}^{d+1}$
,. $x=$ $(x_{1}, x2, . . . , x_{n}),$ $y=(y_{1}, y2, . . . , y_{\tau\iota})\in X^{n}$
$(x, y)\in R_{\beta}\Leftrightarrow d_{i}(x, y)=|$ {l $|(x_{l},$ $y_{l})\in R_{i}$ } $|=\beta$i $(0\leq i\leq d)$
$\mathfrak{X}^{(n)}=(X^{n}, \{R_{\beta}\}_{|\beta|=n})$
56 $d=1$ $X^{(n)}$ Hamming $H$ (n, $q$ )
$(q=|X|)$
Mizukawa-Tanaka [58] $X^{(n)}$
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